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Abstract. We use steepest entropy ascent (SEA) ansatz on single and double
quantum walker (QWer). We arrive both at typicality proposed by eigenstate
thermalization hypothesis (ETH), and many body localization (MBL) states under
varied conditions. Showing analytically and graphically, one can use SEA induced
dynamics to reach ETH/MBL states in order to study open quantum systems.
PACS numbers:
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1. Introduction
Physicists have been taking multiple attempts towards understanding open quantum
systems [1]. Of the major pathways, eigenstate thermalization hypothesis (ETH) and
subsequently typicality has gained significant attention [2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15]. The emergence of typicality in a quantum system has been discussed
in a recent review by [11]. Our present work is based on this review. As discussed
by Goldstein et al. [4], the statement of typicality can be understood as follows: in
the thermodynamic limit, the reduced density matrices of the overwhelming majority of
the wave-functions of a micro-canonical ensemble are canonical. A kinematic study of
the same is discussed by [3], whereas the role of typicality in Random Matrix Product
states has been highlighted by [5]. For the many body cases, weak and strong typicality
have been shown by [6]. We see that the theoretical formalism falls short in explaining
the concept of eigenstate thermalization and many-body localization under the same
structure [11]. Although there have been considerable efforts towards the development
of a coherent quantum theory (for instance, see [16, 17, 18]); yet, the problem remains
open. In their recent work, [7] raise the concern over the time-scale on which pre-
thermalization occurs, which is a behaviour similar to achieving a quasi-equilibrium
state before thermalization happens. The problem of time scales and conditions of
equilibrium in this context is also raised in the work by [8] as well.
Getting back to the case of open quantum systems, we find another pathway
leading towards a bold and different idea: what if the system in discussion is moving
spontaneously towards a stable orbit by invoking the second law of thermodynamics as
a fourth postulate of quantum mechanics [19, 20, 21, 22, 23, 24]? This idea has led us
to the steepest entropy ascent (SEA) ansatz. In the language stated in [25], the SEA
problem is to solve the variational problem by finding the instantaneous “direction”
of rate of change of state function by maximizing entropy production rate subject to
certain constraints. After remaining dormant for a couple of decades, this theory
was independently brought to surface by [26] and since then it has gained appreciable
support. SEA has shown promise in explaining the origin of non-linearity in quantum
mechanics [27, 28], provided a geometric framework for understanding the principle of
maximum entropy generation [25] and has been exploited in-order to understand electron
and phonon transport [29, 30]. Besides, it has been compared to general equation for the
nonequilibrium reversible-irreversible coupling (GENERIC) theory, and has been found
to be on par with it [31].
The above mentioned approaches differ from each other despite attempting to
address the same problem of open quantum systems. SEA stresses on the drive for
stability to the canonical quantum mechanics, whereas ETH/MBL describe entropy as
an emergent phenomena. The distinct characteristics of SEA is that it can be applied
to one or many particle systems, as we will see in this paper. Moreover, when we
apply SEA on a quantum walker on a graph of uniform ring, we get both unitary and
non-unitary behaviours under certain conditions. On increasing the number of particles
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to two, we start observing distinct changes in the evolution of entropy functional over
time. We see that this change depends mainly on the amount of perturbation the initial
state goes through, and on the relaxation time of the system. Thus, we get our first
hint for typicality. Secondly, we do show at certain conditions we are getting canonical
like behaviour in the probability distribution which also concurs with the statement
of typicality. Thus, SEA has been directing about a coherent pathway towards the
problem raised by [11]. Although typicality finds a small mention in the work of [32],
to the best of our knowledge, there hardly has been any attempt in taking this route
towards resolving ETH and MBL dichotomy. Our analytical and numerical results shows
agreement between SEA evolved result and typicality condition.
Before we move on with our discussion, we feel the need to justify the choice of
quantum walk (QW) as our model. QW has played a pivotal role in searching algorithms
[33, 34], and in quantum computation [35]; primarily because of its unique ballistic
nature and speed [36] compared to that of classical random walk. Many body walks
have been is one of the suitable approaches to understand the nature of entanglement
in multipartite systems [37, 38, 39, 40, 41]. There has also been a substantial amount
of work in understanding dissipative quantum walks [42, 43, 44, 45]. So we stand a
clear ground on the applicability of QW as a test model for SEA formalism. Moreover,
experiments have been performed involving QW [46, 47, 48, 49], and the theoretical
results stand on firm grounds (for a detailed review on QW, see [50] and references
therein). In literature, there are mainly two types of QW, continuous time and discrete
time, also known as CTQW and DTQW respectively. We have chosen CTQW for our
modelling as it does not require a coin operator [51]. So we can incorporate the transition
matrix between modes as a Hamiltonian governing the system [51]. Another reason for
avoiding coin operator in our study was also to exclude multiple coins and interactions
due to it [43, 52].
QW is unitary by nature, hence reversible; SEA formalism has been used to
comprehend properties of the system under consideration by studying unitary evolution
[53]. Inspired by this approach, we have studied a slightly perturbed single and double
walker state evolve under SEA considerations and reach the approximate unitary nature.
In doing so, we have identified certain components that may help us in exploring different
regimes in CTQW.We have witnessed the emergence of typicality like behaviour in single
and double particle states. We have also identified possibilities of high negative entropic
states closer to the thermodynamic equilibrium state, and a relative time scale in which
this observation can be made. In our search for signs of typicality, we have also ended
up showing that SEA framework is suitable for studying the emergence of typicality in
quantum systems, and has a much greater range of applications left for exploration. To
the best of our knowledge, this paper addresses a novel link bridging the framework of
SEA and that of ETH/MBL, that is, quantum walk.
We present this paper in the following order: in section 2, we will provide a short
overview of the theory available in the literature regarding SEA and QW. In the latter
part of this section, we have taken the specific case of walker(s) walking on a ring of
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N nodes. We have provided the solution to the dynamical equation of motion in the
section 3 titled Results. A detailed discussion on the solution is provided in appendices
cited herein. In the latter part of this section, we present the numerically plotted results
followed by a discussion on them. We also have attempted to provide physical reasoning
for the results that we have obtained. We present our conclusion the section 4 with a
summary of the work presented in this study with questions, possible answers and
more probable questions. Finally, we conclude by acknowledging valuable contributions
towards our work in the section 5.
2. Theoretical Background
The main contribution of SEA in the domain of open quantum mechanics is the
introduction of a fourth postulate in addition to existing postulates of quantum
mechanics. Let us revisit the postulates for the sake of continuity [19, 54].
1: Correspondence Postulate: Any isolated physical system can be associated with a
complex vector space with inner products (Hilbert space), we call it state space (|ψ〉)
of the system. The system is completely desribed by it’s associated state vector.
2: Dynamical Postulate:
(a) Any two states of a system that are interconnected by a physical process can
always be interconnected by means of one or more reversible processes.
(b) For every system, reversible separable processes always exist for which the
temporal development of the density operator ρˆ is given by the relation:
ρˆ(t2) = Uˆ(t2, t1)ρˆ(t1)Uˆ
†(t2, t1), (1)
where Uˆ(t2, t1) is a unitary operator in time (evolution operator), and Uˆ
†(t2, t1)
is the Hermitian conjugate of Uˆ(t2, t1).
3: Measurement Postulate: Quantum measurements are described by the expectation
values of Hermitian real operators Mm acting on the state space. The outcomes
span the eigenspace of the measurement operator, and also satisfy the completeness
condition. Post measurement, the state of the system is Mm |ψ〉 with proper
normalization.
4: Stable-Equilibrium Postulate: Any independent separable system subject to fixed
parameters has a unique stable equilibrium state for each set of (expectation) values
of energy and numbers of particles of constituent species.
The fourth postulate as presented above is the root of amalgamation of thermodynamics
with quantum mechanics. Stability as discussed in the above statement is to be followed
in Lyapunov sense‡[28]. But Lyapunov stability is about local stability and the second
‡ A state ρe is an equilibrium state iff the generator of trajectories follow u(t, ρe) = ρe for all times t. An
equilibrium state ρe is locally stable iff ∀ǫ > 0, ∃δ(ǫ)|d(ρ, ρe) < δ(ǫ) =⇒ d(u(t, ρ), ρe) < ǫ, ∀t > 0,∧∀ρ.
A system is unstable iff it is not locally stable.
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law of Thermodynamics demands for a global stability, which is a weaker condition as it
also includes metastability§. The concept of global stability as drawn from the second
law can be stated as follows.
An equilibrium state is globally stable if for every η > 0 and every ǫ > 0 there
exists a δ(ǫ, η) > 0 such that every trajectory u(t, ρ) with η < d(u(t, ρ), ρe) <
η + δ(ǫ, η), i.e., passing at time t = 0 between distance η and η + δ from ρe,
remains within d(u(t, ρ), ρe) < η + ǫ for every t > 0, proceeds in time without
ever exceeding the distance η+ǫ [55] (d(ρ1, ρ2) is a measure of distance between
two states ρ1 and ρ2).
As demanded by the second law of thermodynamics, a system spontaneously moves
towards the global equilibrium. We can consider that the states for which ρ2 = ρ
(‘pure’Quantum Mechanics, or unitary dynamics), are globally stable, and every other
system is trying to achieve that Thermodynamic equilibrium with its environment.
The steepest-entropy-ascent (SEA) formalism traces out a path in the ρ space which
maximizes entropy generation and guides the system towards the thermodynamic equi-
librium.
The notation and terminology presented in this work are followed from reference
[25] including some of the basic equations that we consider as our starting point. Be-
low, we revisit those equations for the ease of the reader and the coherence of this paper.
In the SEA formalism, in order to maintain the preservation of non-negativity
and the self-adjointness of density operator (ρ) during its evolution through time [25]
the positive square-root of ρ is used to represent the state. We denote it by γ, and
use spectral theorem [27] to compute them. We can reconstruct ρ using the following
equation:
ρ = γγ†. (2)
We consider a state space (L ), a manifold in a Hilbert space equipped with an inner
product (· | ·). We denote its elements (the states) by γ or alternatively |γ). For SEA,
the inner product is defined as:
(A | B) = Tr
(
A†B +B†A
)
/2. (3)
Real functionals A˜(γ), B˜(γ), · · · of γ represent system properties, i.e., energy, entropy,
mass, momentum, etc.; such that their functional derivatives with respect to γ are also
elements of L ; we denote them by δA˜(γ)/δγ or, alternatively, by
∣∣∣δA˜(γ)/δγ). Under
the SEA criteria, we find the equation of motion to be of the form (see Appendix A for
the derivation):
dρ
dt
= −2Lˆ [k[ln(ρ), ρ]+ + βH [H, ρ]+ + βI [I, ρ]+]−
i
~
[H, ρ]−. (4)
§ An equilibrium state is metastable iff it is locally stable but ∃η > 0∧ ǫ > 0|∀δ > 0, ∃u(t, ρ)with t > 0
at a distance farther than η + ǫ, d(u(t, ρ), ρe) ≥ η + ǫ.
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We have H as the system Hamiltonian, I as an identity operator to preserve probability,
βH , and βI are the corresponding Lagrange multipliers respectively. k is Boltzmann
constant, Lˆ = 1
τ
Gˆ(γ)−1 (A.11), where, Gˆ is the metric associated with the ρ space,
and τ is another Lagrange multiplier. The above equation has the following general
structure:
dρ
dt
= −[D, ρ]+ − i[H, ρ]−. (5)
The anti-commutator part represents dissipation and the commutator part represents
evolution. Prompting to see the evolution in two parts. Similar kind of dissipative
operators D (albeit with different internal structure [31]) exists in other open quantum
theories as well. We see a competition between D and H as soon as we disturb the
system from one of its stable equilibriums. Just like the operator H, the dissipative
operator D is not responsible for the changes in the invariant functionals i.e., C˜i[56].
Thus a pure state has unitary evolution under H, and a thermodynamic stable state
remains so. To see the effect of SEA, we need to slightly disturb the initial pure state
and then apply variational principle (experimentally this can be done by quenches, see
[12]) [29]. We have,
ρSEA,0 = ǫρ0 + (1− ǫ)ρtherm. (6)
Where, ǫ is a perturbation parameter (ǫ ∈ [0, 1]). For our numerical computation ǫ
has range (0, 1]. Here, ρtherm is the thermodynamic equilibrium state, and ρSEA,0 is the
initial state for SEA evolution. For the walker(s), we have considered the following two
cases:
(i) Micro canonical : In this case, we have considered the walker and the graph to be
isolated from all other interactions. Under this criteria, equation (6) becomes:
ρSEA,0 = ǫρ0 + (1− ǫ)
IN
Tr{IN}
. (7)
where IN is the identity matrix of order N .
(ii) Canonical : Here, the canonical probability distribution is given as [11, 53] ρcan =
exp(−βH)
Tr{exp(−βH)}
, and thus, equation (6) becomes,
ρSEA,0 = ǫρ0 + (1− ǫ)ρcan. (8)
We will apply the concept of SEA onto CTQW. One of the efficient ways to
compute quantum walk is to consider the graph theoretical approach as followed by
most physicists in literature [50]. We consider a graph G of a ring with N number of
nodes, where N th node is connected to 1st node via an edge. The Laplacian [57, 33] can
be written as follows:
L = A−D, (9)
where A and D (adjacency and degree matrix respectively), are associated with the
graph G . The Laplacian acts as a node to node transition matrix. Thus, we are
not worried about the discretization of time, rather are interested in the probability
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amplitude corresponding to each such transition. Each step is an integer number to
correspond to each level of transition irrespective of time taken to make that transition.
In the standard basis, we can represent the Laplacian for G as,
L =


−2 1 0 · · · 1
1 −2 1 0 · · 0
0 1 −2 1 · · ·
...
. . .
...
1 0 · · · 1 −2

. (10)
The Hamiltonian of the continuous time random walk can be written as [51],
H = −µL, (11)
where, µ is the transition rate from one mode to another, here considered to be uniform
for all possible transitions. Using this Hamiltonian, the unitary evolution of the walker
can be written in the form (~ = 1),
ρ(t2) = exp(iµL(t2 − t1))ρ(t1) exp(−iµL(t2 − t1)). (12)
For both one and two particle cases, we have considered H to be the SEA
Hamiltonian as well. SEA provides us a general picture of evolution under a given
H, and we can verify the results by arriving at quantum mechanical results under
appropriate limits. Following the SEA formalism as described above and utilizing
equations (2),(A.1)-(A.6), & (A.10) we get,
ρSEA,0 = γ0γ
†
0. (13)
The quantities βi given in equation (A.10) can be solved using the identities of equations
(A.2), & (A.3) (see Appendix B) and thus we get the equation of motion in terms of γ
as:
dγ
dt
= Lˆ
[
−2k ln
(
γγ†
)
γ − 2βHHγ − 2βIγ
]
(14)
The solution to the above equation in terms of ρSEA is given as (see Appendix C for
detailed solution):
ρSEA,t = e
−iH(t)SeD(t)(eD(t))†S−1eiH(t) (15)
where,
D(t) =
A0 exp
(
exp
(
−4kLˆt
)
− 1
)
− βHS
−1HS− βI
2k
, (16)
and, A0 is given by
A0 = k ln
(
γD,0γ
†
D,0
)
+ βHS
−1HS+ βI (17)
Equation (15) displays the competition between D and H as discussed above. The
iterative solution can be updated to get ρSEA,t, where, the initial state is the perturbated
state as given in equations (7) and (8).
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3. Results
The main objective of this work is to establish a link between Typicality/ETH and MBL
via SEA. To achieve that, we have considered CTQW for a single walker and for double
walker. The density matrices to initiate the processes have been chosen in the following
way.
(i) Single walker: ρ0 = |i〉 〈i|
(ii) Double walker:
Non interacting: ρ0 = ρ1 ⊗ ρ2
Fermionic interaction: ρ0 = (|i, j〉 − |j, i〉)(〈i, j| − 〈j, i|)/2
Bosonic interaction: ρ0 = (|i, j〉+ |j, i〉)(〈i, j|+ 〈j, i|)/2
Also, the two particle Hamiltonian is taken in the form H = H1 ⊗ I + I ⊗ H2. Our
results will be presented in two parts, first part consisting of the analysis of probability
and the second part will consist of the same on entropy.
The CTQW model that we have has N = 100 nodes for single walker and N = 30
nodes for double walker‖ and it has been solved using SEA. One of the tests of SEA
is that for ǫ → 1 limit, it should return quantum mechanical values. And, for lower ǫ
values we should be getting thermodynamic stable states. To verify this, we first present
the plot of the unitary quantum walk. We have simulated the walk on the basis of some
assumptions, (i) the value of µ is taken to be one [50]. (ii) The metric Gˆ has been
considered to be of Euclidean type [32], that is identity matrix. The walker distribution
is generated over 10 steps to give an idea of the unitary evolution as shown in Fig. 1
below. Next, we will show the simulation resulted from using the solution as found in
equation (15) in the two different regimes as discussed above.
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Figure 1. (Colour online) Probability distribution for a single quantum walker on a
ring of 100 nodes. The walker was initiated at node 50, and the probability distribution
is for after 10 steps. In this diagram, node 50 is shifted to node 0.
‖ As the tensor product space starts increasing, higher N value requires much more computation time.
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3.1. Probability
In this section we will discuss the probability distributions that we have found and
compare those results to the unitary behaviour as noted in Fig. 1. We will be plotting
both single particle and double particle (reduced density matrix plot) to compare the
cases under the domains of micro-canonical and canonical conditions.
3.1.1. Micro-canonical: In this case, the initial density matrix for SEA formalism is
given by equation (7). Allowing ǫ to take the limits in the theoretical interval [0, 1], we
find the limiting forms of the probability distributions. From the Fig. 2, we see the
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Figure 2. (Colour online) Probability distribution for a single quantum walker on a
ring of 100 nodes under SEA conditions, initiated at node 50 (shifted to node 0 for
symmetry), after 10 steps. The relaxation time τ is taken to be (a) 90.02 and (b) 0.02
respectively. ǫ is the dimensionless parameter denoting the perturbation of the initial
state. The terms 1e− 2 appearing on the top left corner of the plots denote the order
of magnitude of probability values, which in this case is 10−2.
results of SEA agreeing to quantum mechanical results (Fig. 1) under the limit ǫ → 1
and high τ . We also find similar behaviour for the double particle case as well as seen in
the figure. What is interesting to find is the behaviour of the system in the low τ region.
The fluctuating probability denotes a well spread-out behaviour which is reminiscent of
thermodynamic stable state and is not shown by CTQW. The spread of the walk under
SEA also catches up to the quantum walk ballistic spread that it is known for. As we
can see from Fig. 2(b), the spread increases in the low τ region. It is intriguing to notice
a distinction in the probability distributions. The effect of τ is much stronger than the
influence of ǫ. As seen in the panel 2(a), even for almost zero ǫ, because of high τ we
could recover unitary dynamics. In fact, for sufficiently high τ , thermalization doesn’t
happen at all.
When looked across the panels of Fig. 3, we see that bosonic and non-interacting
case has similar evolution, although with different magnitudes. The interesting case
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Figure 3. (Colour online) Reduced probability distribution for a double particle
quantum walk on a ring of 30 nodes under SEA conditions, initiated at node 15 (shifted
to node 0 for symmetry), after 5 steps. The relaxation time τ is taken to be 90.02
(in (a) to (c)) and 0.02 (in (d) to (f)) respectively. ǫ is the dimensionless parameter
denoting the perturbation of the initial state. The terms 1e − 2 appearing on the
top left corner of the plots denote the order of magnitude of probability values, which
in this case is 10−2. The reduced probability distribution is achieved by performing
partial trace on the double walker ρSEA,t. Panels (a) and (d) for the non-interacting
cases, (b) and (e) for bosonic cases, and the last two are for the fermionic cases as
discussed in the text.
arises to be the fermionic walker, that has the maximum ballistic features in the five
steps that has been taken into consideration. In the bottom panels, we see statistically
insignificant fluctuations and that’s mostly it.
3.1.2. Canonical: We are considering the walker to be in contact with a thermal bath,
and the walker and the bath compose an isolated system. We have also considered the
eigenstates of the bath to be the eigenstates of the Hamiltonian associated with the
graph G as considered in section (2). β represents the inverse temperature associated
with the bath. We have considered two ranges of β, one of the order of 10−1, and
another of the order of 1016 in natural units as discussed below to plot the probability
distribution. Describing the temperature of a single walker is not something that is
well understood in the literature. So, we have tried to stay away from defining it at this
point. It would be much safer to say β is a parameter with temperature ‘like’ properties.
Besides, finite level systems on solving for partition function at a finite energy, result
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Figure 4. (Colour online) Probability distribution for a single quantum walker on a
ring of 100 nodes under SEA conditions. The walker was initiated at node 50, and it
is taken after 10 steps. The relaxation time τ is taken to be (a) 90.02 and (b) 0.02
respectively, whereas, ǫ is the dimensionless parameter denoting the perturbation of
the initial state. The β of the heat-bath is considered to be 0.022 nats.
in negative temperature solutions. Yet, to have some context, we will be considering
temperature in the information theoretic sense, and consider natural units for expressing
the same. Here, we take β as calculated in the eigenspace of Hamiltonian as follows
(ln(2)/β is the amount of energy required to erase one qubit of information in kB = 1
units ( see [58] for experiments on this), here we have considered average temperature
available to each eigenvalue),
β =
2π ln(2)
Tr(E)
, (18)
where, E is the diagonalized form of H and kB = 1. For our particular example,
β = 0.022 and 0.022 × 1018 in natural units for single particle, and β =
0.012 and 0.012 × 1018 for double particle. Firstly, we plot the thermal evolution
plots similar to the figure (2(a)). In the first panel of the figure (4), we see a behaviour
almost similar to that of the figure (2(a)). The second panel of the figure (4) deviates
from that of the figure (2(b)) in the sense that despite low values of τ preserving thermal
behaviour, in case of low β, the ballistic nature of the walk is retained over the spectrum
of ǫ values (figure (4(b))). In case of high τ as well as high β, we can expect to see
heavy dependence on ǫ as seen in figure (5(a)).
Considering similar scenarios for the double walker case, we see a distinction emerge
between the low τ behaviours of the same (Fig. 6(d)-6(f)) when compared with the
same in micro-canonical regime (Fig. 3(d)-3(f)). Despite it still remaining characterless
as before, there’s much more fluctuation this time. Besides this behaviour, the other
properties remain more or less the same.
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Figure 5. (Colour online) Probability distribution for a single quantum walker on a
ring of 100 nodes under SEA conditions. The walker was initiated at node 50, and it
is taken after 10 steps. The relaxation time τ is taken to be (a) 90.02 and (b) 0.02
respectively, whereas, ǫ is the dimensionless parameter denoting the perturbation of
the initial state. The β of the heat-bath is considered to be 0.022× 1018 nats.
3.2. Entropy
The application of SEA on CTQW presents us with the following domains Table 1.
Here, we present the behaviour of the entropy functional S˜ and its growth rate ΠS in
S˜τǫ, ΠS,τǫ ǫ→ 0 ǫ→ 1
τ → 0 S˜00, ΠS,00 S˜01,ΠS,01
τ →∞ S˜∞0,ΠS,∞0 S˜∞1, ΠS,∞1
Table 1. Limits for entropy analysis of SEA assisted CTQW. lim
τ,ǫ→
S˜ and lim
τ,ǫ→
ΠS are
represented by S˜τǫ, and ΠS,τǫ respectively.
the SEA assisted CTQW as they appear in Table. 1. Starting with the expression
S˜ = −kTr
(
γ ln
(
γγ†
)
γ†
)
, we seek out the limits of τ → 0 and some large limit τ →∞.
We have distributed the limit over the products as the individual limits exist (see
derivation in Appendix D).
lim
τ→0
S˜ = S lim
τ→0
S˜DS
−1
= −2kTr
[
S
(
lim
τ→0
exp(D)
)
S−1S(lim
τ→0
D)S−1S
(
lim
τ→0
exp(D)
)
S−1
]
,
= −
1
e
Tr
[
(ρSEA,0)
1/eS exp
(
1− e
ke
(
βHS
−1HS+ βI
))
S−1 (ln(ρSEA,0) + (1− e)k (βHH+ βI))
]
.
(19)
And:
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Figure 6. (Colour online) Reduced probability distribution for a double particle
quantum walk on a ring of 30 nodes under SEA conditions, initiated at node 15 (shifted
to node 0 for symmetry), after 5 steps. The relaxation time τ is taken to be 90.02 (in (a)
to (c)) and 0.02 (in (d) to (f)) respectively. ǫ is the dimensionless parameter denoting
the perturbation of the initial state. The terms 1e− 2 appearing on the top left corner
of the plots denote the order of magnitude of probability values, which in this case is
10−2 and 10−1. The reduced probability distribution is achieved by performing partial
trace on the double walker ρSEA,t. Panels (a) and (d) for the non-interacting cases,
(b) and (e) for bosonic cases, and the last two are for the fermionic cases as discussed
in the text. The β of the heat-bath is considered to be 0.011× 1018 nats.
lim
τ→∞
S˜ = S lim
τ→∞
S˜DS
−1
= −2kTr
[
S
(
lim
τ→∞
exp(D)
)
S−1S( lim
τ→∞
D)S−1S
(
lim
τ→∞
exp(D)
)
S−1
]
,
= −
1
2
Tr [ρSEA,0 ln(ρSEA,0)]
(20)
As we can see, the entropy functional reaches the quantum mechanical form as τ
becomes large. We are now able to put in the conditions for micro-canonical or canonical
ρSEA,0 as given in equations (7), and (8) in the limiting forms.
S˜00 =
− k2Tr
[
IN
Tr{IN}
1/e
S exp
(
1− e
ke
(
βHS
−1HS+ βI
))
S−1 ×
1− e
ke
(βHH+ βI)
]
.
(21)
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(a) (b)
(c) (d)
Figure 7. (Colour online) (a) to (d): S˜(γ) distribution over different τ and ǫ values
in time steps 1 to 4 respectively. The colour-bars accompanying each plot provide the
range and contrast of the values in them. As time progresses the zero entropic zones
almost engulf the available space in the panels.
And also,
S˜∞0 = 0 = S˜∞1 (22)
At first in the case of single particles, we see a similar behaviour appear in the panels of
Fig. 7. The panels confirm what we saw analytically in equations (21) and (22), and in
Fig. 2 and 4. Higher τ begets unitary behaviour, and lower values of τ promotes higher
entropy values.
For the case of the double particle walker, we have different behaviour in the growth
of entropy which is dependent on the interaction between the systems. Systems with
non-interacting or fermionic behaviour appear to have similar growth in their entropy
values. And also, as was apparent from our analytic limits, the lower value of ǫ also
ensures fastest entropy saturation in the form of blue line in Fig. 8. The distinction
between the growths are not much which is to be expected as high temperature behaviour
and micro-canonical behaviour appear to be identical. We have plotted similar plots
for β = 0.011× 1018 nats in the Fig. 9. Here we notice the similarities between non-
interacting and fermionic entropy growth appears despite having different probability
distributions (Fig.6). We also notice another behaviour absent hitherto, that is the
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Figure 8. (Colour online) Entropy vs time (steps) for a double particle quantum walk
on a ring of 30 nodes under SEA conditions, initiated at node 15, after 30 steps. The
relaxation time τ is taken to be 90.02 (in (a) to (c)). ǫ is the dimensionless parameter
denoting the perturbation of the initial state. Panels (a) for the non-interacting case,
(b) for bosonic case, and the last one for the fermionic case.
difference between growth of entropy for ǫ = 0.5 and the rest of the values. Suggesting
further explorable avenues. The reason of such distinction between the two different
type of evolutions as seen in Fig. 8 and 9 eludes our current scope, despite desiring a
justification.
Using equation (A.6), we can write the rate of change of entropy functional (ΠS)
using ρ from above (equation (15)) as follows (see, Appendix Appendix D, equation
(D.3)).
ΠS = 2kTr
[
LˆSDS−1SA0S
−1 exp
(
exp
(
−4kLˆt
)
− 1
)
S exp(D)S−1
]
. (23)
As the above equation becomes too complex to treat analytically, we can still seek
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Figure 9. (Colour online) Entropy vs time (steps) for a double particle quantum walk
on a ring of 30 nodes under SEA conditions, initiated at node 15 , after 30 steps. The
relaxation time τ is taken to be 90.02 (in (a) to (c)). ǫ is the dimensionless parameter
denoting the perturbation of the initial state. The terms 1e− 1 appearing on the top
left corner of the plots denote the order of magnitude of entropy values, which in this
case is 10−1. Panels (a) for the non-interacting case, (b) for bosonic case, and the last
one for the fermionic case. The β of the heat-bath is considered to be 0.011× 1018
nats.
out the limits of τ → 0 and some large limit τ →∞.
ΠS|τ→0
=
1
e
Tr
[(
k2 ln(ρSEA,0)
2 + k(2− e)(βHH+ βI) ln(ρSEA,0) + (1− e)(βHH+ βI)
2
)
(ρSEA,0)
1/2e
S exp
(
1− e
2ke
(
βHS
−1HS+ βI
))
S−1 lim
τ→0
(Lˆ)
]
.
(24)
Solving QW using SEA 17
In the right hand side of the equation (24), we see the presence of initial state
(ρSEA,0) in the limiting form, which may allow us in the future to go to the two extremes
of ǫ limit and study the possible bifurcations present in this context. Similarly, taking
the large limit of τ , we arrive at the following set of equations, i.e., equations (25).
(a) (b)
(c) (d)
Figure 10. (Colour online) (a) to (d): ΠS distribution over different τ and ǫ values in
time steps 1 to 4 respectively for a single walker. The colour-bars accompanying each
plot provide the range and contrast of the values in them. In these panels, a rapid and
sharp decrease in the rate of change of entropy functional can be observed across the
panel. Also, the high valued zones are concentrated around certain set of (ǫ, τ) values.
Looking at equation (D.5), we see that for lim
τ→0
D case all the terms in the above
equation (equation (24)) are positive and the limit on Lˆ drives the value of ΠS towards
higher positive value. On the other hand, taking the limit for a large value of τ (in this
case, infinity, numerically 90 is a sufficiently large value (see figure (2(a)))), results in
the dip in Lˆ contribution and the overall value of ΠS falls towards zero, albeit remaining
positive (see equation D.7). The higher limits of τ can be written in the following way
(see the derivation in equation (D.9)):
ΠS|τ→∞ = kTr
[(
k ln(ρSEA,0)
2 + (βHH+ βI) ln(ρSEA,0)
)
(ρSEA,0)
1/2 lim
τ→∞
(Lˆ)
]
. (25)
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The only terms in equations (24,25) that are dependent on ǫ are the terms involving
ρSEA,0. Denoting lim
ǫ→0
ΠS|τ→0 as ΠS,00 and lim
ǫ→1
ΠS|τ→0 as ΠS,01 and using the similar
format we find:
ΠS,00 =
1
e
Tr
[
(1− e)(βHH+ βI)
2 IN
Tr{IN}
1/2e
S exp
(
1− e
2ke
(
βHS
−1HS+ βI
))
S−1 lim
τ→0
(Lˆ)
]
(26)
And, the lim
ǫ→0
ΠS|τ→∞ term, or ΠS,∞0 is found to be:
ΠS,∞0 = 0 (27)
Evidently, for low values of τ , we can safely say that the limits tend to blow up because
of the involvement of lim
τ→0
(Lˆ). Which is not surprising, and thus a lower estimate on τ
still remains a mystery to us. On the other hand, if we look at the equation (27), we
see that despite the entropy production rate being positive, it reaches a zero value.
When looked across the panels in figure (10), we see that the contours denoting
the peaks of high rate of change of entropy, ΠS (shaded in black) are largely confined
to the low τ values only. It is also to be noted that there is a sharp rise in values near
τ = 1, rest of the portions (τ > 1) in all the panels have a zero valued flatland, owing
to constant entropy (i.e., unitary evolution) region. This has two implications, firstly as
thermal states are indistinguishable from the background, low τ states become obsolete
from experimentation point of view. The region of thermalization also being spread over
the entirety of range available to τ , we find it difficult to identify any specific trait of
evolution to estimate the value of τ for the given system as discussed by [25].
4. Conclusion
In this paper, we had set out to solve the continuous time quantum walker (CTQW)
for both single and double particle case under the assumptions enforced by the steepest
entropy ascent (SEA) ansatz. We have solved the CTQW on a regular ring graph
of 100 and 30 nodes for single and double walker respectively. In both the cases we
have considered micro-canonical and canonical scenarios. In the case of double walker,
we have considered non-interacting and also interacting walkers. We have evolved
the states using the iterative solution presented in the paper. We have plotted the
probability distributions under various limits and have found some interesting results.
We have noticed the presence of typical canonical distribution and unitary probability
distribution which depend on the amount of perturbation and relaxation time of the
system. We also have plotted the growth of entropy functional as step size is increased
and we are provided with intriguing growth patterns. That SEA can govern a motion
which under different limits turn into either typical or MBL phases. This connection
has the potential to act as a coherent set of theories with SEA explaining away the
mechanism and ETH/MBL exploring the emergent phenomena. This requires further
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investigation. Our results indicate certain dependencies on initial conditions which do
not rule away the role of chaos in the evolution into the thermal behaviour. This
claim needs to be investigated further. We have solved the QW for hypercube graph
as well only to find similar behaviours. Our results suggest further exploration into the
evolution of entropy under SEA, and we intend to follow that up.
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Appendix A.
If the states are functions of time (t) only, γ = γ(t), their time evolution obeys the
equation of motion, ∣∣∣∣dγdt
)
= |Πγ) , (A.1)
where |Πγ) is also an element of L such that the rates of change of the entropy S˜(γ) and
of any other conserved property C˜i(γ), with i labelling a list of conserved properties,
are
dS
dt
= ΠS with ΠS = (Φ | Πγ) ≥ 0, (A.2)
dCi
dt
= ΠCi with ΠCi = (Ψi | Πγ) = 0, (A.3)
where ΠS and ΠCi are the respective production rates and |Φ) =
∣∣∣δS˜(γ)/δγ).
|Ψi) =
∣∣∣δC˜i(γ)/δγ) are shorthand notations for denoting the variational derivatives
with respect to γ of the entropy functional S˜(γ) and the conserved functionals C˜i(γ),
respectively. The set of operators which correspond to the conserved quantities can be
written as follows:
{Ci} = {H,Mx,My,Mz, N1, N2, · · · , Nr, I}. (A.4)
It is assumed that these are self-adjoint operators in L , and each of Mi, Nj commutes
with H . The equations for ΠCi turn out to be of the following form:
ΠCi = (2Ciγ | Πγ) = 0. (A.5)
The entropy functional turns out to be,
ΠS = −k
d
dt
Tr(ρ ln(ρ)) =
(
−2k(ln
(
γγ†
)
) | Πγ
)
. (A.6)
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In absence of any driving agents, Πγ is tangent to the path γ(t), letting us to
consider a suitable metric Gˆ(γ) associated with L so that we can measure the length
element in the state space. The metric is a real, symmetric and positive semi-definite
operator on the state space, and is used as follows [see [59, 25]]:
dl =
√(
Πγ | Gˆ(γ) | Πγ
)
dt. (A.7)
Using variational approach, one can find the Lagrangian associated with SEA principle
as follows [25],
Υ = ΠS −
∑
i
βiΠCi −
τ
2
(
Πγ | Gˆ(γ) | Πγ
)
, (A.8)
βi and τ/2 are Lagrange multipliers independent of Πγ . The above equation can be
reshaped using equations (A.2) and (A.3) and then on taking the functional derivative
of Υ with respect to |Πγ) we get,
δΥ
δΠγ
= |Φ)−
∑
i
βi |Ψi)− τGˆ(γ) |Πγ) . (A.9)
And the equation of motion is found setting δΥ
δΠγ
= 0,
|Πγ) = Lˆ
∣∣∣∣∣Φ−
∑
i
βiΨi
)
, (A.10)
where
Lˆ =
1
τ
Gˆ(γ)−1. (A.11)
From equation (2) we can write,
dρ
dt
=
dγ
dt
γ† + γ
dγ†
dt
. (A.12)
For our case, we are interested in the conserved quantities H and I. hence, using
equation (A.10), we get,
dρ
dt
= −2Lˆ [k[ln(ρ), ρ]+ + βH [H, ρ]+ + βI [I, ρ]+]−
i
~
[H, ρ]−. (A.13)
Appendix B.
Using the constraints of equations (A.2-A.3) we get,∑
i
(γH| Lˆ |Ψi) βi = −2k (γH| Lˆ
∣∣ln(γγ†)γ) . (B.1)
This equation can be solved using Cramer’s rule for solving linear equation with multiple
variables, provided the solution exists, which is equivalent to the following expression:
det(∆) = det
[
− (γH| Lˆ |Hγ) (γH| Lˆ |γ)
− (γ| Lˆ |Hγ) (γ| Lˆ |γ)
]
6= 0. (B.2)
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Knowing these, we can straight away compute the βi’s as follows:
βH =
1
det(∆)
∣∣∣∣∣−k (γH| Lˆ
∣∣ln(γγ†)γ) (γH| Lˆ |γ)
k (γ| Lˆ
∣∣ln(γγ†)γ) (γ| Lˆ |γ)
∣∣∣∣∣ , (B.3)
βI =
1
det(∆)
∣∣∣∣∣− (γH| Lˆ |Hγ) −k (γH| Lˆ
∣∣ln(γγ†)γ)
− (γ| Lˆ |Hγ) k (γ| Lˆ
∣∣ln(γγ†)γ)
∣∣∣∣∣ . (B.4)
Looking at the expressions of βi’s we can say that they don’t have an explicit
dependence on τ . As Lˆ is essentially 1/τ multiplied to the inverse of the identity
operator (the metric that we chose), and it appears in both the numerator and the
denominator of the expressions.
Appendix C.
We use diagonalization method to have a guess at the solution. First, the similarity
transformation¶ of γ = SγDS
−1 (where γD is the diagonal matrix) across both sides of
the equation (14) allows us to write it down in the following form
dγD
dt
= ΠγD = Lˆ
[
−2k ln
(
γDγ
†
D
)
γD − 2βHS
−1HSγD
−2βIγD] .
(C.1)
In this form, it is easier to guess the trial solution to be of the form,
γD = e
D(t), (C.2)
Equation (C.1) on substitution using equation (C.2) yields,
γD = exp

A0 exp
(
exp
(
−4kLˆt
)
− 1
)
− βHS
−1HS− βI
2k

, (C.3)
where,
D(t) =
A0 exp
(
exp
(
−4kLˆt
)
− 1
)
− βHS
−1HS− βI
2k
,
and, A0 is given by
A0 = k ln
(
γD,0γ
†
D,0
)
+ βHS
−1HS+ βI (C.4)
thus allowing us to write the SEA evolution as (referring to equation (2)),
ρSEA,t = e
−iHtSeD(t)(eD(t))†S−1eiHt (C.5)
Here we have obtained a solution which for each time step of the process of evaluating
ρSEA,t is iterative in nature. We have avoided integrating because of the involvement of
¶ Since the square root is taken to be positive, every γ can be diagonalized.
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the factor τ . Its appearance in the exponent in the evolution of γD allows us to increase
or decrease the time slice under which we are considering the SEA evolution. Thus,
it acts as a time-step, or resolution for lack of a better word. Besides, the value of τ
may not remain constant, although making it so doesn’t affect the physics (see, [25]).
When interpreted this way, we find surprising effects on the overall dynamics. When
taken total time derivative of equation (C.5), and a little bit of rearrangement, we end
up recovering equation (A.13).
Appendix D.
Using equation (A.6) and equation (C.1), we can write,
ΠSD = −2k
(
ln
(
γDγ
†
D
)
| ΠγD
)
. (D.1)
This allows us to use equation (C.3), and the fact D(t) = D†(t), and compute ΠSD as
follows:
ΠSD = 2kTr
[
Lˆ [(2D | 4kD exp(D))
+
(
2D | 2βHS
−1HS exp(D)
)
+ (2D | 2βI exp(D))
]]
,
= 2kTr
[
LˆD
[
2kD + βHS
−1HS+ βI
]
exp(D)
]
.
(D.2)
Which on simplification gives (using the expression for D as given in Appendix C),
ΠSD = 2kTr
[
LˆDA0 exp
(
exp
(
−4kLˆt
)
− 1
)
× exp(D)] ,
=⇒ ΠS = SΠSDS
−1
= 2kTr
[
LˆSDS−1SA0S
−1 exp
(
exp
(
−4kLˆt
)
− 1
)
×S exp(D)S−1
]
,
(D.3)
For the purpose of computation, we calculate lim
τ→0
D as follows:
lim
τ→0
D =
lim
τ→0

A0 exp
(
exp
(
−4kLˆt
)
− 1
)
− βHS
−1HS− βI
2k

 ,
=
A0
2ke
−
βHS
−1HS
2k
−
βI
2k
,
=
ln
(
γD,0γ
†
D,0
)
2e
+
1− e
2ke
(
βHS
−1HS+ βI
)
.
(D.4)
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Applying similarity transformation on this, we get:
S
(
lim
τ→0
D
)
S−1 =
ln(ρSEA,0)
2e
+
1− e
2ke
(βHH+ βI) . (D.5)
And we also have,
lim
τ→∞
D =
lim
τ→∞

A0 exp
(
exp
(
−4kLˆt
)
− 1
)
− βHS
−1HS− βI
2k

 ,
=
A0
2k
−
βHS
−1HS
2k
−
βI
2k
,
=
ln
(
γD,0γ
†
D,0
)
2
.
(D.6)
Leading us to,
S
(
lim
τ→∞
D
)
S−1 =
ln(ρSEA,0)
2
. (D.7)
Now, we can compute the limits as follow:
ΠS|τ→0
= 2kTr
[
lim
τ→0
(
LˆSDS−1SA0S
−1
× exp
(
exp
(
−4kLˆt
)
− 1
)
S exp(D)S−1
)]
,
= 2kTr
[
lim
τ→0
(Lˆ)
(
S
(
lim
τ→0
D
)
S−1
) SA0S−1
e
×S lim
τ→0
exp(D)S−1
]
,
= 2kTr
[
lim
τ→0
(Lˆ)
(
ln(ρSEA,0)
2e
+
1− e
2ke
(βHH+ βI)
)
×
k ln(ρSEA,0) + βHH+ βI
e
S lim
τ→0
exp(D)S−1
]
ΠS|τ→0 =
1
e
Tr
[(
k2 ln(ρSEA,0)
2 + k(2− e)(βHH+ βI) ln(ρSEA,0)
+(1− e)(βHH+ βI)
2
)
lim
τ→0
(Lˆ)
×S exp
(
ln(ρSEA,0)
2e
+
1− e
2ke
(
βHS
−1HS+ βI
))
S−1
]
,
=
1
e
Tr
[(
k2 ln(ρSEA,0)
2 + k(2− e)(βHH+ βI) ln(ρSEA,0)
+(1− e)(βHH+ βI)
2
)
(ρSEA,0)
1/2e
×S exp
(
1− e
2ke
(
βHS
−1HS+ βI
))
S−1 lim
τ→0
(Lˆ)
]
.
(D.8)
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And the other limit can be similarly calculated as follows:
ΠS|τ→∞ =
2kTr
[
lim
τ→∞
(
LˆSDS−1SA0S
−1
× exp
(
exp
(
−4kLˆt
)
− 1
)
S exp(D)S−1
)]
= 2kTr
[
lim
τ→∞
(Lˆ)
(
S
(
lim
τ→∞
D
)
S−1
)
SA0S
−1
×S lim
τ→∞
exp(D)S−1
]
,
= 2kTr
[
lim
τ→∞
(Lˆ)
(
ln(ρSEA,0)
2
)
×(k ln(ρSEA,0) + βHH+ βI)S lim
τ→∞
exp(D)S−1
]
,
= kTr
[(
k ln(ρSEA,0)
2 + (βHH+ βI) ln(ρSEA,0)
)
× lim
τ→∞
(Lˆ) exp
(
ln(ρSEA,0)
2
)]
,
= kTr
[(
k ln(ρSEA,0)
2 + (βHH+ βI) ln(ρSEA,0)
)
(ρSEA,0)
1/2 lim
τ→∞
(Lˆ)
]
.
(D.9)
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